Thermodynamic field theory of chemically reacting fluids in an interface. II. The second law as constraint to the constitutive equations  by Grauel, A.
Mathematical Modelling, Vs. 3, pp. 35-57, 1982 
Printed in the USA. All tights reserved. 
0~0-0255/82/010035-23M)3.0010 
COPY@I~ 0 1982 Pergamon Press Ltd. 
THERMQDYNAMIC FIELD THEORY OF CHEMICALLY 
REACTING FLUIDS IN AN INTERFACE. 
II. THE SECOND LAW AS CONSTRAINT TO THE 
CONSTITUTIVE EQUATIONS 
A. GRAUE~ 
Department of Theoretical Physics 
University of Paderborn 
479 Paderbom 
Federal Republic of Germany 
Communicated by Simon A. Levin 
Abstract-A surface entropy principle is established and applied to semipermeable 
membranes. This principle is valid for all thermodynamic processes on interfaces and we 
formulate and evaluate a new entropy inequality which is not violated by special values of 
the initial and boundary data. We give a rigorous discussion of the entropy inequality and 
show that the entropy principle is a restrictive condition for the constitutive equations. 
Furthermore, we apply the constitutive equations and we discuss consequences from the 
field equations on interfaces, namely, the equilibrium and diffusion laws. 
1. INTRODUCTION 
In this part of the paper, we formulate an entropy principle on interfaces and apply this 
principle to semipermeable membranes. This entropy principle is physically motivated 
and it expresses the fact that for all times the entropy production is not a negative 
quantity in agreement with the physical experience. Furthermore, we assume that this 
principle is valid for all thermodynamic processes. We consider a thermodynamic 
process as a solution of the field equations for certain initial and boundary data. Using 
this principle, we formulate an entropy inequality on interfaces and use the fact that this 
in&quality is not violated by values of the initial and boundary data. We can say that the 
entropy inequality on interfaces selects such thermodynamical processes from all possible 
thermodynamical processes of the field equations which do not violate the entropy 
inequality. We obtain restrictions. From these restrictions, we obtain surface relations and 
laws for interfaces by combination of these relations. The integrability condition of 
some surface relations are used to restrict the list of arguments in the thermodynamic 
quantities. 
If we introduce the reduced constitutive equations into the balance equations, then we 
obtain the required field equations for the thermodynamic surface fields. We use the field 
equation of momentum to derive the diffusion laws normal to the interface and along the 
interface. 
The use of an entropy principle as constraint to obtain restrictions for the constitutive 
equations is accepted in the mathematical physics and theoretical thermodynamics. The 
entropy principle in the form, which is due to Grmela [l, 21, is also useful in the kinetic 
theory to derive compatibility conditions. 
35 
36 A. GRAUEL 
2. ENTROPY INEQUALITY ON THE INTERFACES 1 
2.1. Entropy principle on the interfaces 
Let us now discuss the restriction for the constitutive equations from the entropy 
principle on interfaces. To do so we apply the entropy principle of Miiller [31 and assume 
that 
(a) 
(b) 
(c) 
(d) 
On the interface exists an additive quantity called interface entropy 7s and the 
inequality 
for each thermodynamic process on the interface. 
The interface entropy 7)s is a scalar and the entropy flux 0$ is a surface vector. 
They must be given by constitutive equations. Additionally the quantity, enclosed 
in angular brackets, must be given by constitutive equations. 
The specific supply a,,, of entropy of the interface is given by the supplies of 
momentum and internal energy 
(2) 
where a!j and b are constitutive quantities which may depend on 
Y, &s, ?,A, &,A and yi. 
On the surface there exists a material curve %(t) and that the entropy flux @itA 
on this curve is continuous if the surface temperature a.~ is continuous. We have 
where &j is a surface vector lying on the surface and directed perpendicular to 
z(r). 
The entropy inequality (1) is a restriction for the thermodynamic surface fields 
y+(ur, r.?, t), wb(u’, u*, t) and &(u’, u2, t). This restriction is a condition for the surface 
fields in the sense that this condition is valid only for such fields which are solutions of 
the field equations. By Liu’s lemma [4] if we take the field equations multiplied by 
quantities A as constraints in the entropy inequality, we obtain an inequality in the 
following form 
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This inequality contains the factors Ay6, A” A” and AEs and these factors can 
depend on the same set of variables as the constitutive equations according to Liu’s 
lemma [4]. 
2.2. Restrictions from the entropy inequality 
2.2.1. Sudace relations from initial and boundary conditions. We set the constitutive 
equations (1,49)* into the entropy inequality and obtain an inequality which is linear in 
the following derivatives 
The inequality given above holds for the analytic fields ye, r,,, $ and 6s and it must 
hold for arbitrary values of derivatives of these fields. The entropy inequality could be 
violated by derivatives (5) if terms with special values of the derivatives could contribute 
to the inequality. If the coefficients of these derivatives are equal to zero, we obtain no 
contribution. We obtain the following relations: 
wherea=l...h-1, 
where 6 = 1 . . . A - 1, 
GAB 
ayr)s=,S 
aY6 
E !!?+A% 
ha I v where A? = Ars - AE~0.5{(~f)2-(~k)2}, (8) 
(9) 
(IO) 
(11) 
*We denote the equations of part I with (I, =#). 
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whereS=l...h-1, 
wherea=l...X-1, 
(14b) 
We see that the entropy inequality is linear in the covariant derivative bcD;A of the 
curvature tensor. With respect to the condition of Mainardi-Codazzi only the symmetric 
part of ba(ciAj and the symmetric coefficient of ba(ctAj with respect to the indices C and 
A remain in the entropy inequality. The entropy inequality could be violated by special 
values of the covariant derivative. If the coefficients of ba(c:Aj are zero, we obtain no 
contribution to. the inequality. From this condition we obtain the following surface 
relation: 
with respect to the surface relation (10). 
22.2. Reduced surface relations. We assume that the quantities z,, ns, es, TfA do not 
depend on Ya,A, 6,Ayi, ?a. This assumption conforms to the experimental experience 
for mixtures on inviscid fluids. 
Inspection of Eq. (1,22) shows that the representation of Es contains a mixing part 
which depends on the velocity Ug = w! - wk of the diffusive motion. If we express the 
velocity Vi in terms of the velocity W:, we have the following expressions: 
and 
Equations (6a) to (7b) can be transformed into the following forms: 
(16) 
(17) 
with respect to the expressions (16). 
By observation of the quantities Qg and p, which are contravariant surface vectors, 
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we conclude that they do not depend on the velocity field yh normal to the interface. If 
we take account of this observation and relations (17), we obtain that Eqs. (14) are 
identically fulfilled. 
2.2.X Reduced constitutive equations. Now the constitutive equations in the form 
(1,62) enter into the theory and we ask how we can reduce these forms by the surface 
relations which follow from the entropy principle. 
From (10) with consideration of the partial derivative of the representation (I, 62b) of 
the specific entropy 7)s with respect to ba we obtain 
wts -_~Es~=o, 
a& G 
where we have used the independence of the surface tensors gM and bMB. 
If we take the representation (1,62) of 4)s and ES into Eq. (lo), we conclude that 
A Esb, its, KM, KG) (19) 
depends on A + 3 invariants. 
From Eq. (8) we conclude that A? must have the following representation: 
h~(rs, 6s KM, KG). (20) 
2.2.4. Entropy-heat-flux relation. By subtraction of Eq. (13b) from Eq. (13a) we 
obtain the following expression for the flux of entropy: 
where S = 1. . . h - 1 holds. This expression relates the flux of entropy to the flux of 
internal energy with a part which depends on the internal energy and the specific entropy 
on the surface. 
We wish to obtain the entropy-heat-flux relation from Eqs. (ll), (la), (15), and (19) by 
integrating. We obtain the following expressions: 
or 
If we take account of Eqs. (I,23), we obtain 
(22b) 
WC) 
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Finally, with Eq. (8), we can write 
Inspection of the representations for the flux of entropy (22) contain terms of the 
diffusive motion on the interface. The quantity Ai{ is proportional to the chemical 
potential on the active interface (Sec. 2.2.9). 
2.2.5. Consequences for the surface Lagrange function AES 
With Eq. (15), we can restrict the arguments in the surface Lagrange function AES. 
Equation (19) shows that AEs is independent of the velocities of the diffusive motion. 
Therefore, we can calculate a restriction for AEs of the part of Eq. (15) which is 
independent of the velocities of the diffusive motion by using the representation (22d) 
for the entropy flux @$ and obtain 
or 
(23) 
(24) 
Equation (24) can be rewritten if we take account of Eqs. (22a) and (22b). From this we 
conclude that 
holds. Expression (25) shows that the Lagrange’function AES depends on the densities -y&, 
S=l... A, and the surface temperature as. 
2.2.6. Restrictions for the functions A?, the energy es and entropy qs from in- 
tegrability conditions for qs. By u’sing the Eqs. (8), (9), and (20) we obtain restrictions 
from the integrability conditions for qs. Indeed, by differentiating of Eq. (9) with respect 
to KM and Eq. (18a) with respect to IY~ we derive 
e4Ys9 +w (26) 
with respect to representation (19). Analogously, we get the following expressions: 
We see that the specific internal 
only functions of the densities 
surface region. 
qs(ys’s, * s), (27) 
A p(n, W. (28) 
energy, the specific entropy and the quantities A? are 
‘y& s = I. *. A, and the temperature as in the active 
2.2.7. Gibbs relation from surface relations 
If we multiply Eq. (9) by dIYs and Eq. (8) by dy, and add these forms formally, we 
derive the Gibbs relation on the active interface of a mixture of fluids in the following 
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form: 
d(yrls) = AEs gd& + P$, (e+ j$, d%] (29) 
After identification of the Lagrange multipliers AES and A p we obtain a final expression 
for the Gibbs relation. 
2.2.8. Restrictions for the stress on the sutface. If we multiply Eq. (13a) by ys and Eq. 
(13b) by yA and add the two equations, we obtain 
(30) 
Now we give sope restrictions for the stress on the surface T!” given by (1,61). For 
that purpose, we rewrite the Eq. (POa) with respect to the representation (%,61e) and 
obtain an equation in terms of bAB and gAB. This equation can be fulfilled if the 
coefficients of the curvature tensor and metric tensor are zero. If AES # 0, we have %P = 0 
and 
(30 
where p = 1. . D A. From this expression we coriclude that the scalar-valued coefficient of 
the stress on the interface has the following representation: 
Physically this means, that the surface tension is a pure function of the densities and 
the temperature on the chemically active interface. This result will hold if we take the 
properties of the nonviscous, heat conducting fluids on the interface into consideration. 
Analogously, if AEs Z 0, we calculate 7 = 0 and 
for the scalar-valued coefficient u of the stress on the surface. 
Finally, we have 
for the stress on the surface. 
2.2.9. Relation between bhe quantifies AES and A? 
We have derived in a previous paper [S] that the chemical potential on the curved 
surface has the following form: 
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By combination of (18) with (33b), we obtain the following expression: 
(34) 
(35) 
which we identify as the free energy on the surface. If we rewrite (34) with (39), then the 
chemical potential on the surface relates the quantities AES and A? as follows: 
/p = - (AE”)-‘n:,. (36) 
22.10. Specific supply of entropy. The residual inequality is linear in the supply of 
radiation rs and in the supply of the external force Ft. Arbitrary values of these supply 
quantities must not violate the entropy inequality and, therefore, we conclude that 
and 
(37) 
(38) 
Now we can relate the specific supply of entropy to the radiation rs and the external 
force field F$ in the following form: 
(39) 
From these expressions we conclude that 
b = b(&) (40) 
and 
at = h!(&, U!). (41) 
2.3. Restrictions from the residual entropy inequality 
For the mixture on the interface S(t) we have the following residual inequality: 
where B characterizes the jump term on S(t). The quantity B contains the limiting 
values of the bulk fields on each side of S(t). For more details, namely, of a comparison 
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of the inequality (42) with the corresponding inequality for a mixture in 3-dimensions, we 
recall a previous paper by the author [5]. 
2.3.1. Restriction for the constitutive equations q$ and r$ - gg$. We require that 
the residual inequality is linear with respect to the gradient of the interface density Y&A_ 
It follows that 
q5=Q and (it=0 Y Y * 
Consequently, 
(43) 
where q and Lj are the heat conduction coefficients and the quantities qi and 4 6, are the 
heat diffusion coefficients. 
The residual inequality is linear in the arbitrary quantities Y&A. The inequality can be 
violated by these terms if these terms with special values of the derivative Y&A could 
contribute to the inequality. We obtain no contribution to the inequality by terms which 
contain Y&A if the following conditions hold: 
where 6, 5 = 1, 2, 3 . . . h. If we combine the constitutive equation (1,62b) with the 
representation (44), we obtain the following funCtiona form for the interaction force 
tangential to the surface: . 
The coefficients ,,Mb9,B of the relative velocities $ are called matrices of the hydro- 
dynamic interaction. Furthermore, we see that a temperature gradient as well as a 
density gradient can contribute to the interaction force, 
2.3.2. Results for a single fluid in an interface. By setting 8 = A and omitting the index 
A, we obtain 
j&o, *L(& 
dq = hES(y, 6s) * 
{ 
$$W + (t$-$ dr}, (46) 
where fi is the jump term on S(t). The term @ takes on the following form: 
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B = [ ($ - AES) qje’] 
with respect to the fact that S(t) is not permeable. 
Now we are in a position to restrict the function hES(r, 19s). By using part (d) of the 
entropy principle (Sec. 2.1) and (46~) it follows that 
rAEs(r, 8s) &&I = 0. 
T 
We have 
[AEs(y, IYs)] = 0 if [&A] = 0. 
+ 
The variables yr and yrr besides the material curve can be changed independently of 
each other and, therefore, we have 
A?(&) = A?&). (47) 
In all single fluids in the interface it holds that the quantity AEs is a function of the 
temperature 19s. Hence 
AEs(8s) (48) 
holds. Equation (52d) has the following functional property on 8~: 
dns = A’s@@ d& + (+$) dy), 
and an integrability condition of the form 
(49) 
From this equation, we conclude that A ES can be calculated, if we know a(?, I%) and 
My, 8s). 
The remaining inequality has the following form: 
- $, ($, $+ 0.5(u:)‘}) S:msz, + $I (2K~us + [p,]) - y8 
+$[(+-AEs)qje’]-~ [{~‘-~~+~+~~(~,-~)~(~r~~)+O.5(vb_wi)2 
- $6 - o.qwg - wi)” * p,(&- w&j I I z 0, (51) 
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where 
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(52) 
In inequality (51) we have neglected nonlinear velocity terms as well as products, 
triple products, etc., of quantities which vanish in the equilibrium. In the jump term of 
(51), the sum u takes on the values (Y = 1. . . v in region R+, p = 1. . . p in R-, and on 
S(t) we have to take S = 1 o . . A. 
2.3.3. Constitutive assumptions for the transfer quantities between the bulk phases and 
the interface. From the residual entropy inequality we obtain both restrictions for the 
constitutive equations on the interface and restrictions for the bulk quantities in the 
jump terms. We have assumed that the mixtures of fluids on the closed interface as well 
as the mixtures of fluids inside and outside of the closed interface are heat conducting 
fluids. Therefore, the limiting values of the bulk temperature field on each side of the 
interface are not independent of the interfacial temperature field. In other words, the 
bulk temperature fields and the interfacial temperature field depend on each other. If we 
assume that the limiting values of the bulk fields are independent of the corresponding 
surface fields, then we can violate the entropy inequality. We do not violate the entropy 
inequality if the coefficient in front of the considered field quantities as well as the 
coefficient of the derivatives of the fields are equal to zero. For example, if we assume 
the bulk temperature field as an independent quantity and the validity of the entropy 
inequality, then it follows that the heat flux normal to the interface is equal to zero. This 
conclusion is converse to the assumptions of heat conducting fluids on S(t) and in the 
bulk phases. 
In a previous paper [5], we have investigated constitutive equations for the heat flux 
and for the particle diffusion flux normal to the surface for a system of two constituents. 
Now we give a short review of the procedure for a multiconstituent system. 
We consider the heat flux q = qiei and the particle diffusion flux J, = p&v$ - wi)e’ in 
inequality (51) as transfer qkantities between the bulk phases ani the interface. We 
choose the following constitutive equatioms: 
The coefficients of the quantities ya = (w’s - wi)e’ and .$ = p&v’, - wi)ej in Eq. (51) 
are not chosen independent of the variables of the interface and, therefore, we consider 
these coefficients as functions of these variables. We have 
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M&a, 9+, 7/a, 6s, d - wi, w’s - wl;) = /.L= + O.~(U’, - wi)‘- 9 - OS(ws - w$)~, (53b) 
MP(pB, 6_, x, as, ub - wjh, w’s - WI) = pB + O.S(ub - wi)‘- ~6 - 0.5(wb - wi)‘. 
By rewriting inequality (51) in terms of the interfacial quantities, namely, y{, $Vf, it 
follows that 
+(&4)(Q++P+* ~+(&AE”)(Q-+P-. Yd 
-Ma .@++a+. ya)+MB *@-+a-* YdsO. (54) 
In the next section we investigate this inequality with respect to the equilibrium 
properties. 
3. EQUILIBRIUM IN MIXTURES OF REACTING FLUIDS 
3.1. Equilibrium properties of the entropy inequality on interfaces 
We characterize the equilibrium as a thermodynamic process where all components 
are at rest in one frame of reference and the temperature is uniform and time 
independent. Furthermore, where zr =e 0. 
In equilibrium it holds that 
;iulE =0 and q& =0 n 
and consequently we have to require /3& = 0 and Q& = 0, respectively. 
The residual inequality (54) is called the entropy production for mixtures of reacting 
fluids on interfaces. Such a quantity takes its minimum, namely zero, in the equilibrium. 
We denote the quantity by S which we may consider dependent on 
pa, pp, a+, 8-7 yn+i . . . ‘YA, 21 . . L ZA, &,A, u!, - wi, U/I - wi, WA, yc, Q+, Q-v P+, 6 
I 
Therefore, we can write 
Z = 8(p,, ps, 6+, 6-y -yn+~ . . . YA, ZI . . . z~, &,A, vi - wi, v$ - Wi, $ yl, Qc, Q-9 P+, P-h 
(55) 
where we have replaced 
for 2 at equilibrium are 
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the densities yl to 7” by zr to 2.. The necessary conditions 
(56) 
where Xa = {zn 19s,~, WA, IjJ{, Q+, Q-, /3+, /3_} and the the matrix of the second derivatives, T 
namely, 
II~IEII 
is positive semidefinite. In the equilibrium, we have 
2X&Y, P@, a+, 4% ‘yn+l . - - 9% 0.. . 0) 
I 
= 0. 
E 
From 
we conclude that 
where r = 1, ~ . n. The derivatives 
(57) 
aZ - I %,A E ~0 and a8 =O a?; E 
are identically fulfilled. By using the equation 
a2 
c+E I = 0 and $$ = 0 E 
in the equilibrium, we find that the function AEs(&) depends only on the absolute 
temperature 6s. We have 
and we take 
as the absolute temperature in the nonequilibrium states. From 
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it follows that 
where 
is the chemical potential in the bulk phases 
Furthermore, from 
azz 
ap_ 
= 0 
E 
it follows that 
From 
Mp(ps, a-, ys, I%, 0, W/E = 0 and I-Q - $6 = 0. 
aZ 0 - =, 
ayC E 
(60a) 
(bob) 
we conclude 
P51E -0 or 2&4uC = -[pII]. (61) 
Equation (60) means that in the equilibrium the interfacial chemical potential is equal to 
the chemical potential in the bulk phases. 
From the calculation of the second derivatives, we conclude that GAB 2 0 holds and 
that the hydrodynamic interaction force on the constituent I is directed opposite to the 
relative velocity wf - W{I in the case for a binary mixture. 
With (59) we have identified (AEs)-’ as the absolutely interfacial temperature in the 
equilibrium state and have generalized (AEs)-’ as the nonequilibrium temperature. This is 
in agreement with the use of A-’ as a nonequilibrium temperature in a space given by 
Eringen and Suhubi [6]. 
Now we summarize some thermodynamic relations in terms of the absolute tem- 
perature 6~ and the interfacial chemical potential p obtained for mixtures of fluids. By 
combination of the identified Lagrange multiplier AES with Eq. (29) and some algebraic 
manipulations, we obtain 
‘. (62) 
This equation is called the Gibbs equation for mixtures of chemically reacting fluids in a 
curved interface. This form can be compared with the form of the Gibbs equation in 
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space of the theory of mixtures of fluids if we replace the’quantities defined in space by 
the quantities on a curved interface. Now we give.. a short regression on the Gibbs 
equation. If we consider 7s and es as a function of the density, the concentration 
cs = yJy on interfaces and the absolute temperature 6~ we can write 
It follows that 
(631 
(W 
(65) 
(66) 
which are. integrability conditions. Condition (64) relates the absolute temperature as in 
the interface with the surface stress and the internal energy. Moreover, we calculate 
the interfacial chemical potential: 
$0 = Es - 6sqs + ; + $, y (&,p - $) a(Es - 6sm) 
aY6 
(67) 
and with Eq. (35) we can rewrite the chemical potential which depends on the interfacial 
free energy. We have 
The interfacial free energy of the mixture has the form 
(68) 
(69) 
The interfacial free energy can be experimentally determined by measurements of the 
surface tensions as well as the interfacial chemical potential. Furthermore, we have the 
following expressions for the constitutive equations, namely, the interfacial entropy flux 
relation and the interfacial supply of energy 
(70) 
(71) 
and 
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respectively. We have obtained the following expressions for the constitutive equations, 
namely, the internal energy, the entropy, the partial stress on the surface and by 
summation the stress T**, the interfacial heat flux, ‘the interaction force normal and 
tangential to S(t) 
l s(Ys, *sgs)s (72) 
7)s(Ys, &gs), (73) 
TEA=- 
5 q(ys, &4gAB~ (74) 
TBA = - U(Ys, wgAB, (75) 
where 
(76) 
““$ = (79) 
Inspection of the representation of the constitutive equations on interfaces shows that 
only the interaction force, Eq. (79), depends on density gradients. Suppose 
then the constitutive equation does not depend on density gradients. It holds that 
where the right hand side must fulfill an integrability condition for pp From this 
condition we conclude that s 
if 51” n_ Consequently we have the representations 
@r = MY{, fish 
i-p = i$CYb fiss)* 
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The representation of the interfacial tension as well as of the interfacial chemical 
potential of the constituent p shows that both depend only on the density yr of the 
constituent 5 and the interfacial temperature 6~ contrary to expression (67). By using 
it follows that 
if 7# 5. 
3.2. Equilibrium properties on fluid interfaces 
In the equilibrium, it holds that w! = constant, all terms with relative velocities are 
zero, the temperatures of the bulk phases as well as of the interface are constant, and 
z, = 0. From the balance of mass we have 
where da is a surface element and yS the mass density on the surface. An equivalent 
formulation to Eq. (80) is 
by integration of 
where 9~ can be interpreted as the mass density in the initial configuration. From the 
balance of internal energy it follows that the supply of energy is equal to zero. We have 
f-5 = 0. (81) 
We rewrite the balance of momentum (I,17b) and obtain the following expression: 
r~(atw%+~awf,A)-T~~*+[p,(u~-w:)(v6- wi)ej- f?e’] = mks-wkswns-t=ysFk. (8’2) 
This equation can be rewritten if we take account of the constitutive equations for 
simple fluids on the interface, namely, (33a), (77), and (79) as well as simple fluids in the 
bulk phases. For the 
following equation: 
stress in the bulk phases normal to the interfaie we take the 
f !jej = - p&e, 6)ek (83) 
We conclude from Eq. (82) that 
52 
holds parallel-to x: and that 
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holds parallel to ek in the equilibrium. Now we can say that the equilibrium is impossible 
unless Eqs. (SO), (81), and (85) are fulfilled and unless all interfacial forces tangential to 
the interface are conservative. 
In the case of reacting constituents (5: # 0) in the mixture of fluids, it holds that 
law of mass action, and 
(2, i:m8zlE %4&+ =0 Vr = 1 . . . n. 
By using (84) it follows that 
Vr = 1 . . . n. (86) 
We conclude that the forces on reacting constituents must fulfill the n conditions (86). In 
agreement with Eq. (1,19), this condition can be fulfilled in the special case if all Et are 
equal. This result on interfaces is ‘in agreement with the considerations in space due to 
Mtiller [7]. Miiller concluded that not all conservation body forces permit an equilibrium 
process in chemically reacting fluids. 
4. DIFFUSION ON INTERFACES 
In the above sections, we have investigated a mixture of chemically reacting fluids in 
an interface and we have given a rigorous approach to constitutive equations. Now we 
apply some constitutive equations to derive the diffusion law on interfaces. 
From the balance of momentum 
&(7/6~g) - 2~~K”y”wa + (ysw!$ - 7’tA,A):~ + [p~u~(vb - woe’ - t$e’] = rn: + -y& (87) 
we obtain an equation of the balance of momentum parallel to $A in the form (1,28). This 
form can be rewritten if we take the balance of mass (1,17a) and the material time 
deri;ative 
dyf = a,wf + y& w$ (88) 7 t 
into account. We have 
Let us assume that 
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I$ = w$ T ‘i (no slip condition) 
holds. With Eqs. (52) and (88), we rewrite Eq. (89) and obtain 
where we have used the constitutive equations (74), (79), and (83). From Eq. (90) for the 
constituent 6, we subtract the equation of the constituent A and obtain the following 
form: 
We rewrite this form in terms of the diffusive motion v!j and with the definitions 
(92) 
we obtain 
(94) 
where we have neglected the nonlinear velocity terms on the right hand side of Eq. (91) 
and the acceleration terms. 
The diffusion velocity $! is created by a temperature gradient, the gradients of the 
chemical potential and of interfacial forces which act on the constituents. We call Dss 
the matrix of the diffusion coefficients and DS the therniodilksion coefficients. Analo- 
gously, we obtain 
for the diffusion normal across the interface, where 
tw 
The diffusion velocity ya is created by a difTerence of the surface tensions, by a pressure 
across the interface, and by interfacial forces that act on constituents on the interface. 
Moreover, the diffusion depends on the mean curvature I& 
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Al. Consequences from the balance equations on interfaces 
A-1.1. Balance of internal energy. If we multiply the balance of momentum (1,17b) by 
w! and combine this form with the balance of energy (1,17c), we obtain the balance of 
internal energy in the form 
+[p,(e,+0.5(u~- w~)')(u$- wf)ej- tz(u:- wg)ej+ qiej] (Al) 
The quantities in this equation have the same meaning as before in part I, Sec. 2.3. We 
call the quantity 
the production density of internal energy of the constituent 8 on the interface S(t). 
By similar arguments, as before in part I, we conclude that the production density of 
internal energy is an objective scalar with respect to the transformation rule (1,33). 
AI-2 Balance of kinetic energy. By multiplying of the balance of energy (I,17c) with 
the quantity wt, we obtain the following equation: 
642) 
Equation (A2) is called the balance of kinetic energy on the interface S(t). We call 
o.sysw$ the kinetic energy, 
Tpw! the flux of kinetic energy, 
ysFhd the density of supply of kinetic energy, 
- T~w~;A+(~~-O.~IT~W$)W~ the production density of the kinetic energy 
which are defined on the interface S(t). 
By summation over all constituents 8, we obtain the balance of kinetic energy for the 
mixture of fluids in the following form: 
&(0.5ywz) - $Cww’+ (0.5yw21flA - TUwk):~ 
+ [0.5(vz - (w” - v’)~)~(I,+ - $)e’ - tkj wke’] 
= -TkAwfh + yF’wk. 
A1.3. Balance of moment of momentum. From the local balance of momentum 
(1,15b), we obtain the following equation for the components of the moment of 
momentum: 
&(y&~)- 2~~K~ali + (y&!jy$ - eiik~‘TtA),~+ [p&iik~iu~(u~ - $)ep - l iikx’tipeP] 
=- EiitXi,T;A + Fiikxjm: + yseifkxiF~, 643) 
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where the following quantities of the constituent 6 are defined on the interface S(t). We 
call these quantities 
ysr ijkXjW ; = ysl 6 the density of momentum of momentum, 
eiikxjT;A the flux of moment of momentum, 
‘yse iikx jF “6 the density of supply of momentum of momentum, 
- EijkxIATtA+ ciikxim! the production density of moment of momentum. 
The surface divergence is completed by a jump term. This term contains quantities of 
the bulk phases normal to S(t) which are defined as limiting values on the interface. We 
define these quantities on S(t) as follows: 
pd ijkxju “, the density of the moment of momentum, 
[p&iikxi~$(~p- wf)eP] convective part of the flux of moment of momentum normal to 
S(t), and 
EijkXi[tzpeP] the flux of moment of momentum normal to S(t). 
With respect to the requirement (1,18) and that 
holds, we obtain 
at(#) - 2%$,K&&’ + (#WA - 7 
EGkXiTkA);A + Eijkxj,[pVk(UP - w$‘)eP - tkPep] 
by summation over all constituents 
momentum is equal to zero, we have 
=- eijkXiA C TF + ,,ELXi~k (A4) 
s 
S. If the density of production of moment of 
From the expressions, we conclude that 
$,T:=O and iTfA=O, 
where the (A5.1) is fulfilled by the requirement that Tf = 0 holds. The condition (A.5.2) 
means that TgA must be symmetric. 
AL?. Balance equations of spin and total moment of momentum 
A.2.1. Balance of tota moment of momentum. From the balance equation (3.8) in [%I, 
we obtain the balance equation of total moment of momentum “. 
where the following quantities of the constituent 6 are defined on S(t): 
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ysjis the density of total moment of momentum, 
iA Is flux of total momentum of momentum, 
P6 the production density of total moment of momentum, 
y& the supply of total moment of momentum. 
The total moment of momentum is a quantity of conservation, therefore, we have 
(A7) 
in a mixture of fluids. 
A.22 Blance of spin. The total moment of momentum is composed by the moment 
of momentum and the spin, therefore, the balance (A6) is a constraint of the balance of 
spin with respect to the balance of moment of momentum (A3). We have 
where we have used the following definitions on S(t): 
rso'd-G>= yss8 the density of spin, 
I;A_ l ijkXjTp = S;A the flux of spin, 
&S - EiilrXiF;) = y&T: the supply of spin, 
p6 _ l iik,imj + l iikx;ATp the production density of spin. 
. 
For the quantities in the 
definitions 
p,(a; - eijkxiy;) = pfl; 
[pd&’ - wi)e’] 
[I: Zej] 
bulk phases as limiting values on S(r), we have used the 
the density of spin, 
the convective part of the flux of spin normal to S(t), and 
the flux of spin normal to S(t). 
By summation, we obtain the balance equation for the spin in a mixture of fluids in 
the form 
where we call the quantity 
the production of spin. 
If the density of spin, the flux of spin, the supply of spin of each constituent on S(t) 
as well as the convective part of the flux of spin and the flux of spin of each constituent 
in the bulk phases normal to S(T) are equal to zero, then we obtain 
pb _ l iikxim;+ EiikX!ATp = 0 (A101 
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frqm (AS); In view of (AS), we conclude from (AlO) that 
does not hold in an interface with particles with spin. In other words, if additionally 
pb=Oandmi = 0 hold, then the stress of the constituent S on the interface is symmetric. 
5. CONCLUSION 
In this paper we have discussed the restrictions of the constitutive equations which 
follow from an interfacial entropy principle and integrability conditions on interfaces_ 
We have given representations for the constitutive equations for heat conducting fluids 
on curved interfaces. We have seen that the interaction force r$ - ~a$ tangential to 
the interface depends on the scalar-valued coefficient of the surface stress and the 
chemical potential. Furthermore, we have seen that the scalar-valued coefficient of the 
interfacial tension of the constituent c depends only on the density y( and the interfacial 
temperature 6s in the case if the constitutive equations do not depend on density 
gradients Y~,B. Moreover, we have discussed equilibrium properties and have seen that 
not all conservative body forces permit an equilibrium process in chemically reacting 
fluids. This result is in agreement with the three-dimensional considerations, As an 
application of the constitutive equations, we have discussed diffusion on interfaces by 
using the field equation of the momentum. The diffusion law tangential to the interface is 
comparable to the diffusion law in space if we replace the bulk quantities by surface 
quantities, namely, chemical potential on interfaces and the surface tension. We see that 
the diffusion, normal across the interface, is ndt independent of the curvature pioperties 
of the semipermeable interfaces. 
The given rigorous discussion is not restricted to the represented case of nonviscous 
fluids which are heat conducting. The proposed theory is also valid and applicable to a 
variety of materials. 
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